Hoofdstuk 11: Goniometrie en beweging.

11.1 Goniometrische formules.

Opgave 1:
f(x)=sin(—x) =—-sinx

g(x) = cos(—x) = cosx

h(x) =sin(x+4m) = COSx
Jj(x)=cos(x+4m)=—-sinx
k(x)=sin(x+7x)=-sinx
[(x) = cos(x + &) = —CcOSx

Opgave 2:

a / cos(a —47) =sSina

sin(a +7) =—-Sha

5

cos(a + ) = —Ccosa

b. /
C. /
d. f met de stelling van Pythagoras:

sna+cos’a =1
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Opgave 3:
a sin(x+ir)=cos(x+in—1x)=cos(x—1ir)

b. cos(2x+irn)=sn2x+ir+in)=9n(2x+27)

C. —SNnNBx—27)=sinBx—27+7)=sinBx+i7)=cos(3x+i7r—-+7)=cos(3x—1rx)

d. —cos(4x+1i7)=cos(4x+1inm+m)=cos(4x+2in)=SnN(4x+2in+37)=
=sin(4x+224r)

Opgave 4:
a  (sSinx—cosx)? =sin® x —2sinxcosx + cos” x =1— 2sin x cosx

b.

cos’ x cos’x cos’x CoSx
sin® 3x

cos? 3x

. . . 2
2sin?x+cos’x 2sin’x cos®x sinx
= + =2 +1=2tan’x+1

c. (1+tan®3x)-cos*3x = (1+ )-c0s® 3x =cos’ 3x+sin“3x =1

Opgave S:
a. sin®x+4cosx =1-cos’ x +4cosx

b. 2cos®’x+sinx—2=2-(1-sin®x)+sinx—2
=2-2sin’x+sinx—2
=-2sin®x+sinx

C. 2sin®x+cos® x +cosx = 2- (1—cos® x) + cos® x + COSx

=2—2c0s* x + COS? x + COSx
=2 - c0os® x + COSx

Opgave 6:

sin(2x —i7) =—-cos(x + 3 7)

cos(2x—im —im) =cos(x+ 17 +7)

cos(2x — 2 ) = cos(x + 11 7)

2x—2w=x+1ir+k-2r v 2x-3¥n=—x-1im+k-27

x=2ir+k-2n v 3x=-ir+k-2n
x=—in+k-irm

op[027]: x=inx v x=in v x=1lir v x=17n

Opgave 7:
a sin(x+37)=cos2x
COSx = COS2x

x=2x+k-2r v x=-2x+k-2r

-x=0+k-27 v 3x=0+k-21

x=0+k-2r v x=0+k-37

x=0 v x=%7 v x=lin v x=2r
b. sin3x=-cosx

sin3x =sin(x -3 x)

x=x—-In+k-2n v x=r-(x—-in)+k-27
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2x=—3nm+k-2n v x=m-x+3m+k-2rn
x=—3n+k-m v Ax=Lrn+k-2n
x=3r+k-3in7
x=3r v x=3z v x=fn v x=137 v x=137n v x=1=n
c. sinx+icosx=1
1-cos’ x+icosx =1
—cos’ x+3cosx =0
—cosx(cosx—1) =0
cosx=0 v cosx=3
x=ir v x=liz v x=ir v x=Lr
d. cos(x—1) =-cos(2x+1)
cos(x —1) = cos(2x + 1+ )
x=1=2x+1+nm+k-21 v x-1=-2x-1-n+k-2n
-x=2+rn+k-2r v x=-m+k-2r
x=-2-nw+k-2r vV x=—gn+k-in
x=-2+nm1 Vv x=im v x=nm1 v x=1irm
e. sin(2x+x)=1-2sin2x
—sin2x =1-2sin2x
sin2x =1
2x=3nm+k-2n
x=4m+k-m
x=4mr v x=1lirm
f. 2sin®x+cos’ x+cosx =0
2-(1-cos® x) +cos® x +cosx =0
2—2c0s” x +00S° x +cosx =0
—cos®x+cosx+2=0
cos® x —cosx—2=0
(cosx —2)(cosx+1)=0
cosx=2 v cosx=-1

k.n. x=n+k-2r
X=7

Opgave 8:
a cos(2rxt)=sin(3xt)

cos(2rt) = cos(3 7wt — 5 7)

2nt=%nt—3m+k-2n v 2nt=—-irmt+in+k-27
Urnt=-Irn+k 27 v 2imt=in+k-27
t=—1+k-% v o t=1+k-3

=1 v t=1 v t=1 v t=2% v =23

b. sin(%)=—cos(rt)
sin(zwt) =sin(zt -3 )
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snt=mt—3n+k-2n v grt=nm—(nt—3m)+k-2r
rt=—in+k-2r v imt=m-mt+in+k-2n
+k-L2 v Want=1n+k-2n
t=3+k-2

Opgave 9:
a 2sinx=snx
sinx=0

b. sin2x=sinx
2x=x+k-2r v 2x=m—-x+k- 21

C. niet
d. niet
e sin2x=sin(x+3x)

2x=x+in+k-2r v 2x=n-(x+in)+k-27
f. niet
Opgave 10:

V. 1

a y=00Sx — =2 3y =00S2x — ==L 5 y=—COS2x
b.

x=2x-3im)+k-2r v x=n-20x-4m)+k-2rm

x=2x—4m+k-21 V X=r-2x+3m+k-2n
—-x=—3m+k-21 v x=1lir+k-27
x=3n+k-2n v x=3m+k-im

snijpuntenvoor x=17 v x=1izx v x=137
f(x)<g(x)voor x=37 v 1izx<x<13x
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Opgave 11:

a f(x)=sn(2x—-3ir)=8sn(2(x-+7)) g(x) =—-cos(x + £ )

ev-as. y=0 ev-as. y=0

amp: 1 amp: 1

per: 2 =7 per: 2rx

begin: (17,0) begin: (—%7,-1) laagste punt
b.

v\

c. sin(2x—-3m)=0 —cos(x+¢7m)=0
2x—3n=0+k-m x+em=3n+k-m
2x=im+k-m x=inm+k-w
x=4sn+k-3m x=im v x=Ln

x=4m Vv x=47m v x=1in
d sn2x-37)=1%
2x—in=ir+k-2n v 2x-im=3n+k-2n
2x=3nm+k-2n v 2x=1in+k-2n
x=4m+k-m v x=frn+k-w
in<x<grm v lLin<x<lin
e sin(2x—3m)=—-cos(x +¢7)
sin(2x—37)=sin(x—357)
2x—sr=x—-sn+k-2r v 2x—-im=n—-(x—3m)+k-2r
x=0+k- 21 vV 2x—gm=m-x+im+k-21
I=32r+k-21
x=3w+k-2n
snijpuntenvoor x=0 v x=37 v x=1irx
f(x)<g(x) voor gm <x<1inm

Opgave 12:
a.  punt Cishet snijpunt van AB met de x-as

sna =45 =4C
AB=2-AC =2Sna
b. 4sina =1+1-2-1-1-cos2a
2c0s20 = 2—4sin‘a
cos2a =1-2sin’«
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Opgave 13:
a cos(t+u)=cos(t ——u)

= C0St - CoS(—u) + sint - sin(—u)
= COSt-COSu +Sint-—Sinu
= COSt - COSu —Sint-Sinu

b. sin(t+u)=cos(t+u—3m)
= costt - Ccos(u —5 ) —sint -sin(u — 3 )
=C0St-Sinu —Sint - —CoSu
=CO0St-SiNu +SiNt - CoSu

C. sin(t—u)=9sn(t+-u)
=sint-cos(—u) + cost - Sin(—u)
=8Nt - CoSu + COSt - —Sinu
=8Nt - CcoSu — COSt -Sinu

Opgave 14:
a sin24=sin(4+ A =sinA-cosA+cosA-sin4=2sinA4-cosA

00S24 = cos(A+ A) =COSA-CcoSA—SiNA-SiN A =cos* 4—sin® 4
b. c0s24 =cos’ 4—sin® 4 =cos* 4—(1-cos®* 4) =cos® A —1+cos* 4 =2cos”> 4-1
c0S24 =c0s* A—sin*A=1-sin® A—sin® A =1-2sin* 4

Opgave 15:
a c0s24=2cos’ 4-1

—2c0s° A =-cos24-1
cos’ 4 =1cos24+3

b. c0s24=1-2sin*4
2sin® 4 =1-cos24
sin? 4=1-1cos24

Opgave 16:
a sinx-cosx =34sin(x-1)

2sinx-cosx =sin(x—1)

sin2x =sin(x—1)

2x=x-1+k-2r v 2x=n—-(x-)+k-2r

x=-1+k-2r v 2x=nm—-x+1+k-2n
Ix=rn+1l+k-2n
x=im+i+k-irm

b. cos®2x =cosdx +1

3 +5C0S4x = cosdx + 5

—5C0s4x =0

cosdx =0

Ax=im+k-m

x=3m+k-4m

c. sin®(:x)=cosx+14
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+—+$C0Sx = Cosx +1+

—1icosx =3

COSx =—3

x=4n+k-2n v x=—3n+k-2n
d. (Snx+cosx)® =13

sin? x +2sinxcosx + cos” x = 11

1+ 2sinxcosx =11

sn2x =13

2x=in+k-2n 2x=3n+k-2n

v
X=—2+k-x v

_5 .
o x=pn+k-mw

Opgave 17:
a

Y =%+ 300S2x
b. y=sin®x+cos2x =1-1cos2x+cos2x =1 +1cos2x

Opgave 18:
sin3x =sin(2x + x)

=8iN2x-C0Sx + COS2x -Sinx

= 2sinx-cosx - cosx + (1—2sin®x)-sinx
=2sinx-cos’ x +sinx—2sin®x
=2sinx-(l-sin®x)+sinx—2sin®x
=2sinx—-2sin*x+sinx—2sin®x
=3sinx—4sn®x

Opgave 19:
a y=1-cosx—sin’(3x)
=1-cosx — (3 —+Cosx)
=1-coSx — 4 + 3 COSx
= 2 —$C0Sx
b. cos3x = cos(2x + x)
= C0S2x-COSx —SiN2x-Sinx
= (2cos® x —1) - cosx — 2sinx - COSx - SiNx
= 2c0s’ x — CoSx — 2C0Sx - Sin’ x
= 2c0s’ x — cosx — 2¢0sx - (1—sin® x)
= 2¢0s’ x — COSx — 2s0cx + 2€0S° x
= 4c0s® x — 3cosx
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Opgave 20:
—C0sA4 =cos(A4+ )

a
b. c0s24=1-2sin* 4
Cc. ©0s24=1-2sin*4
d. co0s24=2cos*4-1
e ©0s24=1-2sin*4

Opgave 21:
B(_xA ’yA) en C(_xA ’_.yA)

Opgave 22:

a f(p)+f(p)=-p-cos(-p)+p-cosp=—p-cosp+p-cosp=0
dus de grafiek van fis symmetrisch in de oorsprong

b. g(-p)=-p-sin(-p)=-p-—sinp=p-sinp=g(p)
dus de grafiek van g is symmetrisch in de y-as.

Opgave 23:
a  f(=p)+f(p)=cos’(-p)-sin(-p)+cos® p-sinp
=cos’ p-—sinp+cos’ p-sinp=0
dus de grafiek van fis symmetrisch in de oorsprong
b. f(G7—-p)=cos’(37—p)-sin(3z - p)
= (~cos(37 + p))*-sin(A7 + p)
=cos’(3z + p)-SnEx+p)= fEr+p)
dus de grafiek van fis symmetrisch in delijn x =37 .

Opgave 24:

a sn(-m—p)=sn(-47r) cos(-p)-cos(—;x) sin(-p)
=—1J2.cosp-1+2-—sinp
——1J2.cosp+1+2-sinp

CoS(— 37 — p) = COS(— 7 ) - COS(~ p) + SiN(=3 ) - Sin(-p)
=12 .cosp+-12-—sinp
=1J2.cosp+142-snp

f(=3m—p)=2sn(-37 - p)—2co8(—;7 - p)

= —J2-cosp+~/2-sinp—(/2-cosp+~/2-sin p)
= —J2.cosp+~2-sinp—+/2-cosp-~/2-sinp
:—2\/§-COSp

b. sin(-4z+ p)=sin(-37)-cosp+cos(—4x)-sinp
=-1J2.cosp+1+2-sinp

CoS(—4 7 + p) = COS(—%7)-COSp —Sin(—¢ ) -sinp
=1yJ2.cosp-—14/2-sinp
=1J2.cosp+1/2-sinp
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f(=3m+p)=28n(—;7+ p)—2cos(—%7 + p)
=—J2-cosp++/2-sinp—(v2-cosp+~/2-sin p)
:—\/E-COSp+\/§-Sinp—\/E-COSp—\/E-Sinp
:—2\/§-COSp

dus f(-37—p)=f(-47+Dp)

dus de grafiek van fis symmetrischindelijn x =—-27

Opgave 25:
a cos(37m—p)=cos(:7)-cosp+sin(3z)-sinp

=1J2 . cosp+1y2-sinp

sin(zw — p)=sin(3x)-cosp —cos(;)-sinp
=142 .cosp-12-sinp

f(%ﬁ—p)=%\/E-COSp+%\/§-Sinp+%\/§-COSp—%\/§-Sinp+1
:\/E-COSp+1

cos(3 7 + p) =cos(37)-Ccosp —sin(3x)-sinp
=1J2.cosp-1v2-sinp

sin(7 + p)=sin(3x)-cosp+cos(37)-sinp
=1J2.cosp+1y2-snp

f(%7r+p)=%\/E-COSp—%\/E-sinp+%\/§-c05p+%\/§-sinp+l
=+2-cosSp+1

dus f(37—p)=/f(Gm+p)

dus de grafiek van fis symmetrisch in delijn x = 47

b. cos(2z—p)=cos(3r)-cosp+sin(Er)-sinp

—-1J2.cosp+1+2-sinp

snErz—p)=sin(2r)-cosp-cos(3r)-sinp
=1J2.cosp--12-sinp
=1J2.cosp+142-snp

f(%ﬁ—p)=—%\/ECOSp+%\/§-Sinp+%\/§-COSp+%\/§-Sinp+l
=+J2-sinp+1

cos(27 + p)=cos(3x)-cosp—sin(Zx)-sinp
=-1J2.cosp-1+/2-sinp

sin@Gz+ p)=sin(2r)-cosp+cos(2r)-sinp
=12.cosp-1+/2-sinp

f(%ﬁ—i—p):—%\/z-COSp—% 2-Sinp+%\/§-COSp—% 2-sinp+1
=—y2-Sinp+1

fCr-p)+f@Br+p)=~2-snp+1+—/2-snp+1=2

dus de grafiek van f'is puntsymmetrisch in het punt (27,1
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